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Abst rac t - -Th is  paper is devoted to studying the influence of the truncation applied to a homo- 
geneous Cauchy-type singular integral equation on its eigenvalues and eigenfunctions. This equation 
represents he class to which mixed Sturm-Liouville problems of the Dirichlet-Neuman type are re- 
ducible. The study is illustrated through considering a concrete problem. 
It has been shown that an eigenvalue of the truncated equation tends to the exact corresponding 
one on increasing the order of the truncation set on that equation. As for a truncated eigenfunction, it 
leads to the designation ofthe exact one in the limit where the corresponding eigenvaiue is sufficiently 
precise. 
An illustrative xample is given. 
Keywords - - Jus t i f i ca t ion  truncation, Homogeneous integral equations. 
1. INTRODUCTION 
Among the advantages of formulating a mixed Sturm-Liouville problem of the Dirichlet-Neuman 
type to an integral equation, as proposed in [1], let us recall the following. 
(i) In this formulation, the problem is viewed as a natural generalization f both the uniform 
Dirichlet and Neuman problems as two limiting cases. 
(ii) This method consists in defining the eigenvalues and the eigenfunctions of the problem 
so that it thereby leads to a better insight into the structure of the solutions of several 
physical problems. 
(iii) The method can be modified to solve, for example, mixed Sturm-Liouville problems of the 
Dirichlet-Newton type [2]. 
On the other hand, the designation of the eigenvalues and the eigenfunctions in both kinds of 
problems presented in [1,2] is achieved through solving infinite systems of homogeneous algebraic 
equations. The solutions of such systems can, in general, be obtained only through a truncation 
process applied to it, or equivalently, tothe original integral equation. This gives rise to important 
questions about he influence of the truncation on the eigenvalues and the eigenfunctions. In this 
paper, these questions are studied. In Section 2, a typical problem of the Dirichlet-Neuman 
type is considered and briefly formulated to a singular integral equation in the same way as that 
followed in [1]. Only the brief necessities for the study are given. 
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In Section 3, the Rayleigh-Ritz technique has been used to prove that the eigenvalues of the 
problem are practically those obtained by truncating the homogeneous algebraic system (integral 
equation) at sufficiently large order(s). In other words, the eigenvalues of the truncated system 
(equation) become practically stable as the order of truncation grows beyond a certain limit. 
On investigating the accuracy of the truncated eigensolutions, the homogeneity of the algebraic 
system (integral equation) to which the problem is reduced represents a formidable difficulty. In 
Section 4, it is shown how this difficulty has been overcome. 
In the last section, an illustrative numerical example is given. 
2. A TYP ICAL  EXAMPLE AND ITS  SOLUTIONS 
As a typical example for the presentation i the next sections, let us consider the following 
mixed Sturm-Liouville problem: to find the values of 7 and the functions u, odd with respect 
to x, such that 
Au + 72u = 0, in ft C R 2, 
u = O, on £_, (1) 
Ou 
- -  = O, on  F+,  
Oy 
where 
= (-~, ~) x (0,1), F+ = {(x, 0), lxl < c} and F_ = 0ft - F+. (2) 
The restriction ulu=0 is a HSlder-continuous function at the points (:t:c, 0) where the boundary 
Ou conditions change while ~-~ lu=0 can at most be a piecewise continuous function. 
Following the technique and procedures of [1] closely, the solutions, odd with respect o x, of 
problem (1) are found to be 
[3'~] 
u(x,y;7~) = E 2qb~_ (7i) sin ~ -  n2(1 - y) sinnx 
n=l sin V~/ - -  n2 
sinh X /~S~i  (1 - y) 
+ ~ 2¢._ (7,) ~>[~4 sinh ~ sm nx, 
(3) 
where 7i stands for the eigenvalues and (I)n_ (7i), n E N are the complex Fourier components 
of the function ~.P-(x;Ti) = u(x;0;7i) vanishing on the intervals c _< Ixl _< ~r and compatible 
with the third condition of (1). The 7i's are simultaneously the eigenvalues of the Cauchy-type 
integral equation 
! ] ~-(t; 7) 
~r 1 - ei(=-t) 
~C 
oo  
dt = ~ 1QInl(7)¢n_ (7)[ ein~ + e-'n~] ,
r t= l  
(4) 
and the sets {(I)n_ (7~), n e N} belong to the corresponding solutions. Here we have 
~/72 - n 2 cot V/~ - n 2 Inl < 7 
QE.I(7) = In l -  v/-~-_-~-coth v/~ - -~ Inl > 7 
~ 0  . 
(5) 
(6) 
Equivalently, it has been shown that the zeroes of the determinant ofthe homogeneous algebraic 
system 
(3O 
Ce_ ('7) = E 1Qn [Nne + N-he] Cn_ (7), g E g (7) 
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define the eigenvalues of the problem and their corresponding solutions of the integral equa- 
tion (4). The exact definitions of the coefficients N+nt are given in [1]. Here, it is sufficient o 
stress their asymptotic behaviour 
1N+~e<0(~ - ) n  and 1N±ne<0(1) .n  (8) 
Strictly speaking, the eigenvalues and their corresponding solutions can only be obtained as 
limits through truncating system (7) and then increasing the order of the truncation. Denoting 
by 7}J) the ith zero of the determinant truncated at order j, the components ~n_ ('Y}J)), n = 
1, 2,... , j  can immediately be obtained by solving the truncated system while the next can be 
obtained according to the approximation 
n=2 
/= j+ l ,  j+2 ,  .. . .  
(9) 
, (j)~ Here, @1_ t% ) is already set equal to one, an additional condition fixing the solution of the 
truncated homogeneous algebraic system (7). 
3. THE INFLUENCE OF  THE TRUNCATION 
The boundary conditions of problem (1) are included in the more general condition 
COu 
uco---...Xn = 0, on cOD, (10) 
where n denotes the interior normal of cOD. Thus, according to the Rayleigh-Ritz technique, 
the eigenvalue "yi of problem (1) is related to the corresponding eigenfunction by means of the 
equation 
f [Vu[ 2 dxdy 
,r2 = a f u2 dx dy (11) 
f~ 
It is also well known that a poor approximation of the eigenfunction may yield an accurate 
calculation of the eigenvalue. Now the functions u(x,y;'7} j)) defined through (3) in which "h 
and @n_ ('Yi) and replaced, respectively, by "y}J) and @,~_ (-y}J)), obtained as shown at the end of 
Section 2, are neither poor approximations, nor even just pretty good guesses at approximations 
of the eigenfunctions, but rather they are functions tending to the exact eigenfunctions of prob- 
lem (1) as j increases. We may note that the expansion (3) of these functions converges as long 
as "~}J) are not zeroes of the functions 
sin x/-7 2 - n 2, n • N, (12) 
and the coefficients ~n_ ('Y}J)), n • N, satisfy 
n k m e N. (13) 
The values ~}J) are certainly different from the zeroes of (12) since the latter are the eigenvalues 
of the pure Dirichlet problem which need not be considered here. Moreover, in view of (6) and 
(8), it is only a finite number of terms in the right-hand side of (7) which contribute to the values 
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of ~5¢_ (3`), g • N. Each of these terms vanish more rapidly than £, in accordance with the Hhlder- 
continuity of the functions ~o_ (x; 3`i). Thus, condition (13) will also be fulfilled. Additionally, it 
follows that the error resulting in the values of the first j coefficients of the set {~o~_ (7), ~ • N} 
due to the truncation is less than 0(j-3), while for the rest of these coefficients, the error resulting 
due to the approximation (9) is less than 0(j-4). The substitution of the functions u(x, y; 3`}J)) 
in the right-hand side of (11) yields 
/ (j)~ A [3`, ) 
7~ = lim (14) 
where 
and 
A(3`)=n~<~ I (  ~ n2) Cotx/3`2 n2 3`2 ] 
- 2 sin 2 
+E [ (n2_~)c° thy /n~-3`  2 3 `2 ~2 
n>-~ ~ _ 3`2 - 2sinh 2 ~ n_ (3`), 
(15) 
1 [ cot ~/3`2 _ n 2 1 2 
B(3` )=~E [ X/3`2 n 2 + , On_(7) n<~ - 2 sin 2 72VQ-ff~-~-n21 
(16) 
+ E n2 _ coth v/-n g - 3`2 3`2 
->~ V/-~_3` 2 2sinh 2 ~ On_(3`). 
It is clear that the expansion of both A(7} j)) and B(7} j)) converges at any value of j • N. 
Further, the usefulness of the truncation method on designating the eigenvalues i confirmed in 
as much as how rapidly the 3`i and 3`}J) will coincide. Indeed, the numerical calculations trongly 
recommend the convenience of this method. 
4. THE INFLUENCE OF THE TRUNCATION 
ON THE E IGENFUNCTIONS 
In spite of the homogeneity of equation (4) or equivalently the algebraic system (7), the trun- 
cation of both at a certain eigenvalue 3` ~ can be justified. To this end, we shall first show that 
the homogeneous system (4) with the so normalized solution ~o_(x;3`i) that the first Fourier 
component ~1-(3`0 equals 1, is equivalent to the inhomogeneous equation 
K~_ = f, (17) 
where 
and 
1/  ~- ( t ;3` i )~-~1 e_i,~ ]K~_ = --: . . . .  dt - Q~ (3`~) ~ (3`~) [e mx+ 
7r~ i - -  e i (x - t )  - ' 
n=2 -c  
(18) 
f = Q1 (7i)[e ix + e-~X] • (19) 
To verify, we note that equation (17) can be reduced to the inhomogeneous algebraic system 
oo 
~91_ (7~) - E Qn (7i) [Nnt + N-n1] On_ (7i) = Q1 (7i) INn + N-u] ,  
n 
n -2  
oo 
¢e_ ('~i) - E Qn (3`i) [Nne + N-he] On_ (3`~) = Q1 (7i) [Nit + N-le] , 
n 
r t=2 
g • N - {1}. 
(20) 
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The determinant of system (20) is different from that of system (4), and hence, its truncation will 
not, in general, vanish at any order. To solve system (4) truncated at order j,  we set ~I-('Yi) = 1 
in the last (j - 1)-equations, and their solution will satisfy the first equation automatically. These 
(j - 1)-equations are clearly identical with their corresponding ones, obtained by truncating 
system (20) at the same order j,  and therefore, the latter will yield the same solution as the 
former. The substitution of this solution in the first equation of system (20) will lead to the 
result ~l-(Vi) = 1, as can easily be seen on comparing this equation with the first one of 
system (4), truncated at order j. We also recall that the truncation of system (4) at order j is 
equivalent to discarding all terms of the summation in the right-hand side of equation (18) for 
which n > j. Now, the equation obtained by approximating (17) in this way can be written in 
the form 
KW_ = f. (21) 
Since the Banach space L2[-c, c] is the domain and the range of both the operators K and K, 
the norm of the operator K - K clearly satisfies 
dt 2 ] 1 
; n n=j+l -c 
< 4~ f i  I1 _ II 2 , 
n=j+l 
which leads to the result 
 )11 < oo>_; o, ¢22/ 
n=j+l n 
but since equation (21) has a unique bounded solution [3], it follows that the operator ~-1  (K -K)  
is bounded and at sufficiently large j, its norm satisfies 
K - I (K -K)  < 1. (23) 
Thus, it follows that [4] equation (17) or equivalently (4), in which ? = Vi has the unique solution 
(P-- (~/i) : ~-- ("/i) -I- [I -t- ~--1 (K - -  K-----)] - lg  -1 (f - -  g~ (7i)), (24) 
where I is the unit operator. Additionally, the error resulting from the truncation can be esti- 
mated 
II -- -II <- ( / -  (25) 
1-  ~-I(K_K-----) " 
5. A NUMERICAL  EXAMPLE 
The calculations were carried out right to the numerical results at several values of the pa- 
rameter c. The coefficients N+ne in system (7) were replaced by their values according to the 
expressions given in [1]. The eigenvalues were obtained in two different ways. The first was 
directly achieved by equating the determinants of the truncated systems to zero; these are the 
values 7~ j) as defined above. The second way consists in substituting the values ~J), as well as the 
corresponding solutions Cn_ (7} D) of system (4) in equation (11), together with (15) and (16). To 
get some idea, Table 1 provides the first three eigenvalues of the problem in the cases c = (s/6fir, 
s = 2, 3, 4. In this table, a value calculated through the Rayleigh-Ritz technique is always listed 
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Table 1. The first three eigenvalues at c ---- (s/6)7r, s = 2, 3, 4, respectively. 
~r ~r 27r 
j \ i  1 2 3 1 2 3 1 2 3 
2.816 3.464 4.128 2.328 3.416 3.943 2.067 3.055 4.670 
4 
2.806 3.463 4.120 2.322 3.411 3.929 2.064 3.044 4.603 
2.813 3.463 4.119 2.326 3.413 3.931 2.065 3.047 4.578 
8 
2.806 3.463 4.118 2.322 3.411 3.928 2.064 3.043 4.575 
2.812 3.463 4.118 2.325 3.413 3.930 2.065 3.047 4.577 
20 
2.806 3.463 4.118 2.322 3.411 3.928 2.064 3.043 4.575 
Table 2. The Fourier components of the function ~o_-(x; 9"3) at c = 7r/3. 
1 1.691 1.893 1.618 1.051 0.445 0.012 
-0.164 -0.135 -0.022 0.0599 0.065 0.017 -0.029 
-0.040 -0.014 0.017 0.027 0.012 -0.010 
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Figure 1. The completed Dirichlet data ~o_ (x; 9'3) at c = vr/3. 
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Figure 2. The completed Neuman data ~o+ (x; 9"3) at c = ~r/3. 
under  i ts  cor respond ing  one. I t  is to  be noted  that  ")'~J) are a lways on  the  h igh  side, becoming  
lower, converg ing  on  the i r  cor respond ing  values,  ca lcu la ted  through the  Ray le igh-Pdtz  method,  
and  wh ich  are a lmost  s tab le  f rom the  outset .  These  resu l ts  were to  be expected .  Thus ,  the  
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eigenvalues ofour mixed problem can be exactly designated and the arguments ofSection 4 can 
be applied to get the corresponding eigenfunctions a  precise as desired. 
To illustrate, the first 20 coefficients ~n_ (7~J)), j > 11 in the case c = 7r/3 are listed exactly 
in Table 2 to three decimal places. 
Finally, the graphs of the completed Dirichlet data, ~_ (x; 73) -'- u(x; 0; 73), and the Neuman 
data, ~+(x; 73) = u~(x; 0; 73) are given in Figures 1 and 2, respectively. The dotted and continu- 
ous curves in these figures are obtained by truncating (3) at the 20 th and 40 TM order, respectively. 
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